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Suggested solution of HWG6

Following the hints. It suffices to show (2). Let (ay, b,) be the open interval in F'¢ such
that « € (an,by,). Then a, cannot be smaller than z(, otherwise zo € F°. Similarily,

b, < xg+ 4. Since a,,b, € F,
9(bn) — g(@o)l, lg(an) — g(zo)| <e.
And hence, for x = ta, + (1 — t)by,

g(z) = tg(an) + (1 — t)g(bn) € (9(z0) — €, 9(z0) + €).

Clearly, ¢, is a simple function and hence measurable. It suffices to check the mono-

tone nature. If f(x) > n+1, then pp11(z) =n+ 1> @, (z).

Ifn+1> f(x) Zn:n-%, then vp41(z) > n.

If kz_nl < flz) < %, then either % < flz) < 212% or 3’2:12 < flz) < 22]1“;1. In both

cases, ©n+1 > ¢n. Hence @, is monotone. If f(x) is finite, then

7(@) = on(@) < 5z 0.

If f(z) = +o0, then p,(x) =n — f(z).

Rewrite f(Ax) = f o g(x). Since

g~ o f e, +00) = {f(g(x)) > a}.

It suffices to show that linear function F' map measurable set to measurable set. By

inner regularity and taking intersection with [—n,n], we may assume
E=UE,UN

where F,, is compact and N is null. Since F is continuous function, F'(F,,) is compact
and hence measurable. It suffices to show that F(N) is measurable. Let e > 0, there
is {I,}52 such that N C JI,, and > .2, ¢(I,) < e. Write I,, = (an,b,). Then
|F(a,) — F(by,)| < Clay, — by| = CU(I,). Therefore,

o0

F(N) < p(F(UL)) < 3 n(F(L,)) < Ce.

n=1

Hence, F(N) is null and thus measurable. Put g = z + ¢ and g(z) = Az to conclude

the results.



